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A ﬁnite-deformation theory is developed to study the mechanics of thin buckled ﬁlms on compliant substrates. Pertur-
bation analysis is performed for this highly nonlinear system to obtain the analytical solution. The results agree well with
experiments and ﬁnite element analysis in wavelength and amplitude. In particular, it is found that the wavelength depends
on the strain. Based on the accurate wavelength and amplitude, the membrane and peak strains in thin ﬁlms, and stretch-
ability and compressibility of the system are also obtained analytically.
 2008 Elsevier Ltd. All rights reserved.
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The pioneering work of Bowden et al. (1998) showed that the buckling of stiﬀ thin ﬁlms on compliant sub-
strates can be controlled in micro and nanoscale systems to generate interesting structures with well deﬁned
geometries and dimensions in the 100 nm–100 lm range. This has generated numerous theoretical and exper-
imental studies of the buckling of stiﬀ thin ﬁlm/compliant substrate systems (e.g., Huang and Suo, 2002; Har-
rison et al., 2004; Huang, 2005; Huang et al., 2005; Chen and Hutchinson, 2004; Lacour et al., 2004, 2006;
Staﬀord et al., 2004, 2006; Khang et al., 2006; Sun et al., 2006a,b; Choi et al., 2007; Jiang et al., 2007) because0020-7683/$ - see front matter  2008 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2008.01.023
* Corresponding author. Tel.: +1 847 467 3165; fax: +1 847 491 4011.
E-mail address: y-huang@northwestern.edu (Y. Huang).
3108 J. Song et al. / International Journal of Solids and Structures 45 (2008) 3107–3121such systems have important applications in stretchable electronics (Khang et al., 2006; Sun et al., 2006a,b;
Choi et al., 2007; Jiang et al., 2007; Wagner et al., 2004), micro and nanoelectromechanical systems (MEMS
and NEMS) (Fu et al., 2006), tunable phase optics (Harrison et al., 2004; Eﬁmenko et al., 2005), force spec-
troscopy in cells (Harris et al., 1980), biocompatible topographic matrices for cell alignment (Jiang et al., 2002;
Teixeira et al., 2003), high precision micro and nano-metrology methods (Staﬀord et al., 2004, 2006; Wilder
et al., 2006), and pattern formation for micro/nano-fabrication (Bowden et al., 1998, 1999; Huck et al.,
2000; Sharp and Jones, 2002; Yoo et al., 2002; Schmid et al., 2003; Moon et al., 2007). In these systems, con-
trolled buckling is realized in thin ﬁlms deposited onto prestrained elastomeric substrates. Releasing the pre-
strain in substrates leads to buckling of thin ﬁlms.
Fig. 1 illustrates the fabrication of buckled stiﬀ thin ﬁlms on compliant substrates (Khang et al., 2006; Jiang
et al., 2007). Here, thin ribbons of single crystal silicon are chemically bonded to ﬂat, prestrained elastomeric
substrates of poly(dimethylsiloxane) (PDMS). The ribbon is along the [100] direction, and its free surface is
(010). Releasing the prestrain leads to compressive strains on the ribbons that generate the wavy layouts
(Khang et al., 2006; Jiang et al., 2007). Such a structure is of interest for applications in stretchable electronics.
Field-eﬀect transistors, p–n diodes, and other devices for electronic circuits can be directly integrated into the
wavy Si to yield fully stretchable components. Integrated electronics that use such components could be
important for devices such as ﬂexible displays (Crawford, 2005), eye-like digital cameras (Jin et al., 2004), con-
formable skin sensors (Lumelsky et al., 2001), intelligent surgical gloves (Someya et al., 2004), and structural
health monitoring devices (Nathan et al., 2000).
For a stiﬀ thin ﬁlm of thickness hf and elastic modulus Ef on a pre-stretched (prestrain, epre), compliant sub-
strate of modulus Es, Ef Es, the previous mechanics model (Huang, 2005; Huang et al., 2005; Chen and
Hutchinson, 2004) based on the small deformation theory gives a constant wavelength k0 ¼
2phf ½Ef =ð3EsÞ1=3 of the buckled ﬁlm and amplitude A0 ¼ hf
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
epre=ec  1
p
, where Ef ¼ Ef=ð1 m2f Þ andFig. 1. Schematic illustration of the process for fabricating buckled, or ‘wavy’, single crystal Si ribbons (green) on a PDMS (blue)
substrate. (For interpretation of the references in colour in this ﬁgure legend, the reader is referred to the web version of this article.)
Fig. 2. Optical micrographs of buckled Si ribbons (100 nm thickness) on PDMS, formed with various prestrains (indicated on the right, in
percent). The wavelength systematically decreases as the prestrain epre increases.
J. Song et al. / International Journal of Solids and Structures 45 (2008) 3107–3121 3109Es ¼ Es=ð1 m2s Þ are plane strain modulus, ec ¼ 14 ð3Es=Ef Þ2=3 is deﬁned as the critical buckling strain, or the
minimum strain needed to induce buckling, which is 0.034% using the literature values for the mechanical
properties (Ef = 130 GPa, vf = 0.27,
1 Es = 1.8 MPa, vs = 0.48) (Wilder et al., 2006; INSPEC, 1988). The recent
experiments at large strains (Khang et al., 2006 and Jiang et al., 2007) show a qualitative behavior character-
ized by a clear and systematic decrease in wavelength with increasing prestrain as shown in Fig. 2. This strain
dependent wavelength behavior has also been reported for layers of polystyrene (PS) on PDMS substrates
when the prestrain varies from 0% to 10% (Harrison et al., 2004), and in platinum ﬁlms on rubber substrates
for prestrains of 400% (Volynskii et al., 2000). Jiang et al. (2007) pointed out that the strain dependent wave-
length is due to the ﬁnite deformation (i.e., large strain) in the compliant substrate.1 Here, the Young’s modulus (=1/s11) and Poisson’s ratio (s12/s11) are for the [100] direction of single crystal Si, where sij are the elastic
compliances.
3110 J. Song et al. / International Journal of Solids and Structures 45 (2008) 3107–3121This paper focuses on the buckling analysis of this class of systems illustrated in Fig. 1, although the basic
theoretical considerations apply to all related systems in which buckling occurs. We establish a buckling the-
ory that accounts for ﬁnite deformations and geometrical nonlinearities to yield a quantitatively accurate
description of the system. The analytical solution is obtained via the perturbation method and the numerical
results are obtained via the ﬁnite element method for this buckling problem of stiﬀ thin ﬁlm on compliant sub-
strate. The paper is outlined as follows. The ﬁnite deformation analysis for the system of stiﬀ thin ﬁlm/com-
pliant substrate is described in Section 2. The analytical solution is obtained in Section 3 via the perturbation
method, which is conﬁrmed by the ﬁnite element method in Section 4. The results are given in Section 5,
including the wavelength and amplitude of buckled thin ﬁlms, membrane and peak strains in ﬁlms, and
stretchability and compressibility of the system.
2. The ﬁnite deformation buckling analysis for stiﬀ thin ﬁlms on compliant substrates
The analysis in this section is diﬀerent from all previous buckling analyses in the following three aspects.
(i) Finite geometry change: The initial strain-free (or stress-free) states are diﬀerent for the PDMS substrate
and Si thin ﬁlm. As illustrated in Fig. 1, the Si thin ﬁlm is strain free in the top conﬁguration, but
becomes compressed in the bottom conﬁguration. On the contrary, the PDMS substrate is stretched
in the top conﬁguration and becomes relaxed in the bottom one. This will be further illustrated in Fig. 3.
(ii) Finite strain: The strain-displacement relation in the PDMS substrate becomes nonlinear since the max-
imum prestrain in the experiments is 28% (Jiang et al., 2007).
(iii) Constitutive model: The stress–strain relation in the PDMS substrate becomes nonlinear at the large
prestrain.
Fig. 3 further illustrates the controlled buckling in Fig. 1. The top ﬁgure shows the initial, strain-free state
of the PDMS before stretching at the original length L0. The middle ﬁgure shows the stretched PDMS
attached to a strain-free Si thin ﬁlm. The length of the PDMS becomes (1 + epre)L0, which is also the original
length of the Si ﬁlm, where epre is the prestrain in the stretched PDMS. Releasing the prestrain buckles the Si
ﬁlm, as illustrated in the bottom ﬁgure. The coordinate x01 in the middle ﬁgure is related to x1 in the top ﬁgure
by x01 ¼ ð1þ epreÞx1.
2.1. Thin ﬁlm
The thin ﬁlm is modeled as a beam since the wavelength in the ﬁlm (x1) direction (about 15 lm) is much
larger than the ﬁlm thickness (0.1 lm). The beam, however, undergoes large rotation once the ﬁlm buckles.
The membrane strain e11 is related to the in-plane displacement u1 and out-of-plane displacement w by2 Jia
theore
substra
are on
ordere11 ¼ du1
dx01
þ 1
2
dw
dx01
 2
; ð1Þwhere x01 is the coordinate for the strain-free conﬁguration of the ﬁlm (middle ﬁgure, Fig. 3). The deformation
is plane-strain if the ﬁlm width (in the direction normal to x01 and x
0
3) is much larger than the buckle wave-
length.2 The strain e11 in the ﬁlm is small such that the membrane force N11 can be related to e11 via the
plane-strain modulus Ef of the ﬁlm,N 11 ¼ Ef hf e11: ð2Þ
The force equilibrium gives the shear and normal tractions at the ﬁlm/substrate interface asng, Khang, Kim, Huang, Xiao and Rogers (Finite width eﬀect of thin ﬁlms buckling on compliant substrate: Experimental and
tical studies, submitted for publication) obtained the analytical solution for the stiﬀ thin ﬁlm of ﬁnite width on the compliant
te. For the ﬁlm width of 20 lm as in the experiments, the wavelength and amplitude given by the analytical solution for ﬁnite width
ly a few percent diﬀerent from the present results based on the plane-strain analysis. However, for much thinner ﬁlms (width on the
of 100 nm), the wavelength becomes much smaller (less than 50%) than that for wider ﬁlms.
Fig. 3. Three sequential conﬁgurations for the thin ﬁlm/substrate buckling process. The top ﬁgure shows the undeformed substrate with
the original length L0, which represents the zero strain energy state. The middle ﬁgure shows the substrate deformed by the prestrain and
the integrated ﬁlm, which represents its zero strain energy state. The bottom ﬁgure shows the deformed (buckled) conﬁguration.
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dx01
; ð3ÞandT 3 ¼ 
Ef h
3
f
12
d4w
dx041
þ d
dx01
N 11
dw
dx01
 
: ð4ÞThe strain energy density in the ﬁlm consists of the membrane energy density, Wm, and bending energy den-
sity, Wb, which are given byW m ¼ 1
2
N 11e11 ¼ Ef hf
2
e211; ð5Þand
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Ef h
3
f
24
d2w
dx021
 2
: ð6Þ2.2. Substrate
The substrate is modeled as a semi-inﬁnite solid. The displacements in the substrate are denoted by u1(x1,
x3) and u3(x1, x3), where x1 and x3 are the coordinates for the strain-free conﬁguration of PDMS substrate
(top ﬁgure, Fig. 3). For large stretch, the Green strains EIJ in the substrate are related to the displacements asEIJ ¼ 1
2
ouI
oxJ
þ ouJ
oxI
þ ouK
oxI
ouK
oxJ
 
; ð7Þwhere the subscripts I and J are 1 or 3.
The Neo–Hookean constitutive law (Symon, 1971), which is the simplest nonlinear elastic constitutive rela-
tion, is used to represent the substrateT IJ ¼ oW soEIJ ; ð8Þwhere TIJ is the 2nd Piola–Kirchhoﬀ stress, and the strain energy density Ws takes the form W s ¼
Es
6ð12msÞ ðJ  1Þ
2 þ Es
4ð1þmsÞ ðI1  3Þ. Here, J is the volume change at a point and is the determinant of deformation
gradient F iJ ; I1 is the trace of the left Cauchy-Green strain tensor BIJ = FIkFJk times J
2/3, Es and ms are the
Young’s modulus and Poisson’s ratio of the substrate, and Es = 1.8 MPa and vs = 0.48 for PDMS (Wilder
et al., 2006).
The force equilibrium equation for ﬁnite deformation isðF iKT JKÞ;J ¼ 0: ð9Þ
and the traction on the surface is Ti = FiKTJKnJ, where nJ is the unit normal vector of the surface.
2.3. Buckling analysis
The out-of-plane displacement of the buckled thin ﬁlm can be represented byw ¼ A cos 2px1
k
 
¼ A cos 2px
0
1
ð1þ epreÞk
 
; ð10Þin the strain-free conﬁguration (middle ﬁgure, Fig. 3) as well as in the relaxed conﬁguration (bottom ﬁgure,
Fig. 3). Here, the amplitude A and wavelength k are to be determined.
The bending energy density Wb can be obtained from Eq. (6). The bending energy Ub is the integration of
Wb over the length of strain-free thin ﬁlm, (1 + epre)L0 (middle ﬁgure, Fig. 3), where L0 is the length of strain-
free PDMS substrate (top ﬁgure, Fig. 3). This gives the bending energy Ub asUb ¼ p
4
3
Ef h
3
f A
2
½ð1þ epreÞk4
ð1þ epreÞL0: ð11ÞThe eﬀect of interface shear is negligibly small on the buckling of stiﬀ thin ﬁlm/compliant substrate system
(Huang et al., 2005). The vanishing shear T1 = 0 in Eq. (3) gives the in-plane displacementu1 ¼ pA
2
4ð1þ epreÞk sin
4px01
ð1þ epreÞk
 
 epre
1þ epre x
0
1; ð12Þwhere the last term represents the uniform displacement ﬁeld in the ﬁlm if the ﬁlm does not buckle after the
prestretched PDMS is relaxed, and the ﬁrst term on the right hand side is the axial displacement associated
with the buckling.
The membrane strain is
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2A2
ð1þ epreÞ2k2
 epre
1þ epre ; ð13Þfrom which the membrane energy density Wm can be obtained via Eq. (5). The membrane energy Um is the
integration of Wm over the length of strain-free thin ﬁlm asUm ¼ 1
2
Ef hf
p2A2
ð1þ epreÞ2k2
 epre
1þ epre
" #2
ð1þ epreÞL0; ð14Þwhere (1 + epre)L0 is the length of strain-free thin ﬁlm (middle ﬁgure, Fig. 3).
As shown in the next section, the strain energy density in the substrate is a function of positions x1 and x3,
as well as the amplitude A and wavelength k. Its integration over the substrate volume gives the strain energy
in the substrateUs ¼ UsðA; kÞ; ð15Þwhere Us is proportional to L0. The amplitude A and wavelength k are then determined by minimizing the
total energy,o
oA
ðUm þ Ub þ UsÞ ¼ ook ðUm þ Ub þ UsÞ ¼ 0: ð16Þ3. Perturbation analysis of the substrate
The deformation in the substrate is highly nonlinear. Since the amplitude A is much smaller than the wave-
length k, we use the perturbation method to expand the displacement ﬁeld via the power series of the small
parameter d = A/k, i.e.,u1ðx1; x3Þ ¼ A½uð0Þ1 þ duð1Þ1 þ d2uð2Þ1 þ   
u3ðx1; x3Þ ¼ A½uð0Þ3 þ duð1Þ3 þ d2uð2Þ3 þ   
(
; ð17Þwhere uðiÞ1 and u
ðiÞ
3 are the ith order, non-dimensional functions to be determined. The Green strain can be sim-
ilarly expanded asEIJ ¼ A½Eð0ÞIJ þ dEð1ÞIJ þ d2Eð2ÞIJ þ   ; ð18Þwhere EðiÞIJ is related to the u
ðiÞ
1 and u
ðiÞ
3 via Eq. (7) asEð0ÞIJ ¼
1
2
ouð0ÞI
oxJ
þ ou
ð0Þ
J
oxI
 !
þ A
2
ouð0ÞK
oxI
ouð0ÞK
oxJ
Eð1ÞIJ ¼
1
2
ouð1ÞI
oxJ
þ ou
ð1Þ
J
oxI
 !
þ A
2
ouð0ÞK
oxI
ouð1ÞK
oxJ
þ ou
ð0Þ
K
oxJ
ouð1ÞK
oxI
 !
Eð2ÞIJ ¼
1
2
ouð2ÞI
oxJ
þ ou
ð2Þ
J
oxI
 !
þ A
2
ouð0ÞK
oxI
ouð2ÞK
oxJ
þ ou
ð0Þ
K
oxJ
ouð2ÞK
oxI
þ ou
ð1Þ
K
oxI
ouð1ÞK
oxJ
 !
ð19ÞThe 2nd Piola–Kirchhoﬀ stress TIJ can be obtained from the expansion of the constitutive law (Eq. (8)) as
3114 J. Song et al. / International Journal of Solids and Structures 45 (2008) 3107–3121T 11 ¼ Es
6ð1 2msÞ
2E11 þ 2E33 þ 2E11E33  3E211  4E213 þ E233
þ 4E213E33 þ 12E11E213  3E211E33  E11E233 þ 5E311  E333
 !
þ Es
1þ ms
2
3
E11  23E33 þ 49E11E33  169 E211  2E213 þ 29E233
þ 32
9
E213E33 þ 809 E11E213  89E211E33 þ 11227 E311  827E333
 !
;
T 33 ¼ Es
6ð1 2msÞ
2E11 þ 2E33 þ 2E11E33  3E233  4E213 þ E211
þ 4E213E11 þ 12E33E213  3E233E11  E33E211 þ 5E333  E311
 !
þ Es
1þ ms
2
3
E33  13E11 þ 49E11E33  169 E233  2E213 þ 29E211
þ 32
9
E213E11 þ 809 E33E213  89E233E11 þ 11227 E333  827E311
 !
;
T 13 ¼ Es
3ð1 2msÞ ð2E11E13  2E13E33 þ 3E
2
11E13 þ 3E13E233 þ 2E11E13E33 þ 4E313Þ
þ Es
1þ ms E13  2E11E13  2E13E33 þ
40
9
E211E13 þ
40
9
E13E233 þ
32
9
E11E13E33 þ 16
3
E313
 
:
ð20ÞThe deformation gradient can be expanded asF 11 ¼ 1þ ou1ox1 ¼ 1þ A
ouð0Þ1
ox1
þ d ou
ð1Þ
1
ox1
þ d2 ou
ð2Þ
1
ox1
þ   
" #
F 13 ¼ ou1ox3 ¼ A
ouð0Þ1
ox3
þ d ou
ð1Þ
1
ox3
þ d2 ou
ð2Þ
1
ox3
þ   
" #
F 31 ¼ ou3ox1 ¼ A
ouð0Þ3
ox1
þ d ou
ð1Þ
3
ox1
þ d2 ou
ð2Þ
3
ox1
þ   
" #
F 33 ¼ 1þ ou3ox3 ¼ 1þ A
ouð0Þ3
ox3
þ d ou
ð1Þ
3
ox3
þ d2 ou
ð2Þ
3
ox3
þ   
" #
:
ð21ÞThe substitution of Eqs. (19)–(21) into the equilibrium Eq. (9) yields the linear ordinary diﬀerential equa-
tions for uð0Þi , u
ð1Þ
i , and u
ð2Þ
i . The boundary conditions areT 1 ¼ 0 and u3 ¼ A cos 2px1k
 
at x3 ¼ 0
T 1 ¼ 0 and T 3 ¼ 0 at x3 ¼ 1:
ð22ÞThe displacement ﬁelds uð0Þi , u
ð1Þ
i , and u
ð2Þ
i are obtained analytically asuð0Þ1 ðx1; x3Þ ¼ 2pk x3e
2p
k x3 sin 2pk x1
 
uð0Þ3 ðx1; x3Þ ¼  1þ 2p
2
k x3
	 

e
2p
k x3 cos 2pk x1
 
8<
: ; ð23Þ
uð1Þ1 ðx1; x3Þ ¼ 3p2k x3  18
 
e
4p
k x3 sin 4pk x1
 
uð1Þ3 ðx1; x3Þ ¼  2p
2
k2
x23 þ pk x3
	 

e
4p
k x3 þ 3p
2k x3e
4p
k x3 cos 4pk x1
 
8<
: ; ð24Þanduð2Þ1 ðx1; x3Þ ¼ 13p64k x3  316
 
e
2p
k x3 sin 2pk x1
 þ pk x3e6pk x3 sinð6pk x1Þ
 p3
2k3
x33 þ 21p
2
8k2
x23 þ 45p64k x3  516
	 

e
6p
k x3 sin 2pk x1
 
uð2Þ3 ðx1; x3Þ ¼ 13p64k x3  11128
 
e
2p
k x3 cos 2pk x1
 þ pk x3e6pk x3 cos 6pk x1 
þ 5p3
2k3
x33  29p
2
8k2
x23  71p64k x3 þ 11128
	 

e
6p
k x3 cos 2pk x1
 
:
8>>>><
>>>:
ð25Þ
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in the substrate can be obtained by integrating the strain energy density Ws asFig. 4.
subjectUs ¼ p
3
EsA
2
k
1þ 5
32
p2A2
k2
 
L0; ð26Þwhere L0 is the original length of the substrate.4. Post-buckling analysis
The buckling analysis in Sections 2 and 3 is for the stiﬀ thin ﬁlm/compliant substrate system subjected to
the prestrain. The post-buckling behavior, i.e., the system subjected to the applied strain after buckling, is
studied in this section to determine the system stretchability/compressibility. Fig. 4 illustrates the buckled
Si thin ﬁlm and relaxed PDMS substrate of length L0 (left ﬁgure) and the system that is subjected to the
applied strain eapplied and has the length (1 + eapplied)L0 (right ﬁgure). The coordinate x001 in the right ﬁgure
is related to x1 in the left ﬁgure by x001 ¼ ð1þ eappliedÞx1. The out-of-plane displacement of the buckled thin ﬁlm
can be represented byw ¼ A00 cos 2px
00
1
k00
 
¼ A00 cos 2pð1þ eappliedÞx1
k00
 
; ð27Þin the relaxed conﬁguration (left ﬁgure, Fig. 4) and stretched conﬁguration (right ﬁgure, Fig. 4). Here, the
amplitude A
00
and wavelength k
00
are to be determined in terms of the applied strain eapplied. In the strain-free
conﬁguration x01 of the thin ﬁlm (middle ﬁgure, Fig. 3), Eq. (27) takes the formw ¼ A00 cos 2pð1þ eappliedÞx
0
1
ð1þ epreÞk00
 
: ð28ÞThis gives the bending energy in the thin ﬁlmUb ¼ p
4
3
Ef h
3
f A
002 1þ eapplied
ð1þ epreÞk00
 4
ð1þ epreÞL0; ð29Þwhere (1 + epre)L0 is the length of strain-free thin ﬁlm (middle ﬁgure, Fig. 3).
The vanishing shear T1 = 0 in Eq. (3) gives the in-plane displacementu1 ¼ pð1þ eappliedÞA
002
4ð1þ epreÞk00 sin
4pð1þ eappliedÞx01
ð1þ epreÞk00
 
 epre  eapplied
1þ epre x
0
1: ð30ÞThe membrane energy in the thin ﬁlm becomesSchematic illustration of the buckled Si thin ﬁlm and relaxed PDMS substrate of length L0 (left ﬁgure) and the system that is
ed to the applied strain eapplied and has the length (1 + eapplied)L0 (right ﬁgure).
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2
Ef hf
1þ eapplied
1þ epre
 2 p2A002
k002
 epre  eapplied
1þ epre
" #2
ð1þ epreÞL0; ð31Þwhere (1 + epre)L0 is the once again length of strain-free thin ﬁlm (middle ﬁgure, Fig. 3).
We also use the perturbation method to write the displacement ﬁeld in the substrate asu1ðx1; x3Þ ¼ A00 eapplied x1A00 þ uð0Þ1 þ duð1Þ1 þ d2uð2Þ1 þ   
h i
u3ðx1; x3Þ ¼ A00  ms1ms eapplied
x3
A00 þ uð0Þ3 þ duð1Þ3 þ d2uð2Þ3 þ   
h i
8><
>: ; ð32Þwhere d = A
00
/k
00
is small, and uðiÞ1 and u
ðiÞ
3 are the ith order, non-dimensional functions to be determined via the
same approach as Section 3 for the prestrain. For the nearly incompressible substrate ms  1/2, the strain en-
ergy in the substrate can be obtained asUs ¼ p
3
EsA
002
k00
ð1þ eappliedÞ 1þ eapplied þ 5
32
p2A002
k002
ð1þ eappliedÞ2
 
L0: ð33Þ5. Finite element analysis
The ﬁnite element method is used to study the buckling of stiﬀ thin ﬁlm/compliant substrate system in order
to validate the analytical solution given in Section 3. The challenges in the numerical analysis of such systems
include:
(1) Extremely large diﬀerence in the ﬁlm and substrate elastic properties. The Young’s modulus of Si thin ﬁlm
(100 GPa) is about 5 orders of magnitude larger than the Young’s modulus of PDMS substrate
(1 MPa).
(2) Extremely large diﬀerence in the ﬁlm and substrate thickness. The ﬁlm thickness (100 nm) is about 4
orders of magnitude smaller than the substrate thickness (1 mm).
These challenges require very ﬁne mesh near the ﬁlm/substrate interface.
The modeled system consists of a 3.02 mm-thick PDMS substrate and a 100 nm-thick Si thin ﬁlm. The
length of the two-dimensional system is 1 mm. The Si thin ﬁlm is modeled by the beam elements (B21 in
the ABAQUS ﬁnite element program, 2004). The substrate is modeled by the 4-node plane-strain element
(CPE4) with the smallest element size 0.4 lm  0.4 lm. Once the substrate is subjected to the prestrain epre,
its top free surface is attached to the thin ﬁlm by sharing the ﬁlm and substrate with the same nodes at the
interface. The beam element (B21 in ABAQUS) is compatible with the 2D plane-strain solid elements in
the substrate. The rotational degree of freedom in the beam elements is constrained when connected with
the plane-strain solid elements.
We ﬁrst determine the eigenvalues and eigenmodes of the stiﬀ thin ﬁlm/compliant substrate system. The ﬁrst
eigenmode is then used as initial small geometrical imperfection to trigger the buckling of the system. We have
also used the random combination of various buckling modes, and ﬁnd the results (wavelength and amplitude)
tobe independent of themodes.The imperfections are always small enough to ensure that the solution is accurate.6. Results and discussion
6.1. Wavelength and amplitude due to the pre-strain
The total energy consists of the membrane and bending energy in the thin ﬁlm and the strain energy in the
substrate, Utotal = Um + Ub + Us. Minimization of total energy, i.e.,
oU total
oA ¼ oU totalok ¼ 0 gives the wavelength and
amplitude
Fig. 5. (a) Wavelength and (b) amplitude of buckled structures of Si (100 nm thickness) on PDMS as a function of the prestrain. The
ﬁnite-deformation buckling theory yields wavelengths and amplitudes that both agree well with experiments and ﬁnite element analysis.
Results from previous mechanics models (i.e., small deformation limit) are also shown.
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ð1þ epreÞð1þ nÞ1=3
; A  A0ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ epre
p ð1þ nÞ1=3 ;3 ð34Þ
where k0 ¼ 2phf ½Ef=ð3EsÞ1=3 and A0 ¼ hf
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
epre=ec  1
p
are the wavelength and amplitude based on small defor-
mation theory, and n = 5epre(1 + epre)/32. As with the previous analyses, the ﬁnite deformation theory predicts
non-zero amplitude when the prestrain, epre, exceeds the critical strain, ec. However, the wavelength is diﬀerent
from that given by previous theories due to the large prestrain. As shown in Fig. 5, the wavelength depends on
the prestrain, and it agrees well with the experimental data and ﬁnite element analysis without any parameter
ﬁtting. For small prestrain, k approaches k0.6.2. Membrane and peak strains in the ﬁlm due to the pre-strain
For epre < ec (=0.034% for the Si/PDMS system), relaxing the prestrain does not lead to buckling. Instead,
the ﬁlm supports a small compressive strain epre, which we refer to as membrane strain. When epre > ec, the
ﬁlm buckles to relieve some of the strain. The membrane strain, emem, as evaluated at the plane that lies at the
midpoint of the thickness of the ﬁlm, is obtained from Eq. (13) as emem ¼  1þ
n
3
ð1þnÞ1=3 ec. For the prestrain up to
100%, this membrane strain remains essentially a constant, ec. The maximum strain in the ﬁlm, also called
the peak strain epeak, is the sum of membrane strain emem and the bending strain induced by the buckled geom-
etry. In most cases of practical interest, the strain associated with the buckled geometry is much larger than
emem, thus this peak strain can be written asepeak ¼ 2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃepreecp ð1þ nÞ1=3ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ epre
p : ð35Þ
The magnitude of epeak is typically much smaller than the overall strain, epre  emem, that the ﬁlm accom-
modates by buckling. For example, in the case of epre = 29.2%, epeak is only 1.8% for the system of Fig. 1. This
mechanical advantage provides an eﬀective level of stretchability/compressibility in materials that are intrin-
sically brittle. Fig. 6 shows epeak and emem as a function of epre. Both the membrane and peak strains agree well
with ﬁnite element analysis. The membrane strain is negligible compared to the peak strain. Likewise, the peak
strain is much smaller than the prestrain, such that the system can accommodate large strains. As a result, epeake exact solution of the amplitude is A ¼ hf
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
epre
ec
 1þ
n
3
ð1þnÞ1=3
ð1þepreÞ
r
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þepre
p
ð1þnÞ1=3 . For epre ec, the numerator is approximately
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
epre
ec
 1
q
, which gives the
ude in Eq. (34).
Fig. 6. Membrane and peak strains in the Si as a function of prestrain for a system of buckled Si ribbons (100 nm thickness) on a PDMS
substrate. The membrane strain is a small and constant throughout this range.
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The maximum allowable prestrain is, therefore, approximately
e2
fracture
4ec
1þ 43
48
e2
fracture
4ec
	 

, which, for the system
examined here, is 29% or almost twenty times larger than efracture.
6.3. Stretchability and compressibility due to the applied strain
The minimization of total energy, which is the sum of thin ﬁlm (membrane and bending) energy and sub-
strate energy in Eqs. (29)–(31) and (33), gives the wavelength and amplitude4 Thﬃﬃﬃﬃﬃﬃﬃﬃ
epree
e
qk00 ¼ k0ð1þ eappliedÞ
ð1þ epreÞð1þ eapplied þ fÞ1=3
; A00  hf
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðepre  eappliedÞ=ec  1pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ epre
p ð1þ eapplied þ fÞ1=3 ;4 ð36Þwhere f = 5(epre  eapplied) (1 + epre)/32. Fig. 7 shows the experimentally measured and theoretically predicted
wavelength k00 and amplitude A00 versus applied strain eapplied for a buckled Si thin ﬁlm/PDMS substrate sys-
tem formed at the prestrain of 16.2%. The constant wavelength and the amplitude predicted by the previous
mechanics models, with epre replaced by epre  eapplied, are also shown as well as the ﬁnite element results. The
measured wavelength increases with the applied tensile strain, and the measured amplitude decreases, reaching
zero once the applied tensile strain reaches the prestrain. The ﬁnite-deformation buckling theory agrees well
with experiments and ﬁnite element analysis for both amplitude and wavelength. The previous mechanics
models also capture the amplitude trend but deviate from the experimental results for large tensile strain
(>10%). The amplitude A00 vanishes when the applied strain reaches the prestrain plus the critical strain ec.
Therefore, the stretchability (maximum applied tensile strain) is epre + efracture + ec, which varies linearly with
the prestrain. The peak strain in the ﬁlm isepeak ¼ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðepre  eappliedÞec
q ð1þ eapplied þ fÞ1=3ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ epre
p : ð37Þ
Fig. 8 shows epeak and emem as a function of eapplied. The results predicted by the ﬁnite-deformation buckling
theory agree well with ﬁnite element analysis. The Si ﬁlm fails once eapplied reaches 12.5%. The compressibilitye exact solution of the amplitude is A00 ¼ hf
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
epreeapplied
ec
 1þeappliedþ
f
3
ð1þeappliedþfÞ1=3
ð1þepreÞ
r
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þepre
p
ð1þeappliedþfÞ1=3
. For epre  eapplied ec, the numerator is approximatelyﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
applied
c
 1, which gives the amplitude in Eq. (36).
Fig. 7. (a) Wavelength and (b) amplitude of buckled structures of Si (100 nm thickness) on PDMS formed with a prestrain of 16.2%, as a
function of the applied strain. The measured wavelength increases for tensile strain and the measured amplitude decreases, reaching zero
once the tensile strain reaches the prestrain. The ﬁnite-deformation buckling theory yields wavelengths and amplitudes that both agree well
with experiments and ﬁnite element analysis. Results from previous mechanics models (i.e., small deformation limit) are also shown.
Fig. 8. Membrane and peak strains in the Si as a function of applied strain for a system of buckled Si ribbons (100 nm thickness) on a
PDMS substrate with a prestrain of 16.2%.
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compressibility decreases almost linearly with increasing prestrain, and vanishes when the maximum applica-
ble pretrain
e2
fracture
4ec
1þ 43
48
e2
fracture
4ec
	 

is reached. Therefore the compressibility is well approximately by
e2
fracture
4ec
1þ 43
48
e2
fracture
4ec
	 

 epre. Fig. 9 also shows the strechability epre + efracture + ec. As the prestrain increases,
the stretchability improves but the compressibility worsens. Such a ﬁgure is useful for the design of Si thin
ﬁlms in stretchable electronics. For example, if a Si thin ﬁlm/PDMS substrate system has equal stretchabil-
ity/compressibility, then the prestrain is about 13.4%.
7. Concluding remarks
We have established a ﬁnite-deformation buckling theory for stiﬀ thin ﬁlm on compliant substrates. The
perturbation method is used to obtain the analytical solution, and is validated by the ﬁnite element method.
Fig. 9. Strechability and compressibility of buckled structures of Si (100 nm thickness) on PDMS.
3120 J. Song et al. / International Journal of Solids and Structures 45 (2008) 3107–3121Both the analytical solution and numerical results show the strain-dependent buckling wavelength, and agree
well with the experiments without any parameter ﬁtting. The strains are accommodated through changes in
the amplitudes and wavelengths of buckled geometries. The peak and membrane strains in thin ﬁlms are
obtained analytically, and so are the stretchability and compressibility of the system. These conclusions
and the detailed analyses are important for the many envisioned applications for buckled thin ﬁlm/substrate
systems.
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